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A model equation of PainlevC I1 type was introduced by Bass in 1964 in 
connection with a boundary value problem which describes the electric field 
distribution in a region x > 0 occupied by an electrolyte. This is possibly the 
earliest explicit physical application of a PainlevC equation to be found in the 
literature. Here we return to this problem informed by the subsequent discovery 
of a Backlund transformation for PainlevC 11. This enables us to construct exact 
representations for the electric field and ion distributions for boundary value 
problems wherein the ratio of fluxes of the positive and negative ions at the 
boundary adopts one of an infinite sequence of values. o 1999 Academic Press 
1. INTRODUCTION 
A model which describes electrolytic phenomena in the presence of a 
plane boundary was proposed by Bass [l] and, interestingly, it leads to the 
second Painlev4 equation for the electric field. A simple steady-state 
system was considered which consists of a strong, dilute, symmetric 5va-  
lent electrolyte occupying the region x > 0 bounded by the interface 
x = 0. At any positive distance x from the electrode surface, the macro- 
scopic electric field E ( x )  exerts a force fZeEi on each of the positive or 
negative ions; here e denotes the elementary charge. 
Suppose that the positive and negative ions have concentrations c + ( x >  
and c-(x>, respectively, which give rise to the electric field E = Ei via 
'Permanent address: School of Mathematical Sciences, University of Exeter, North Park 
Road, Exeter, Devon EX4 4QE, United Kingdom. 
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Poisson’s equation 
where 
D = s E ,  
p = 5e( c+ - c - ) ,  
( 1.2a) 
( 1.2b) 
and s is the dielectric constant so that we obtain 
dE 4r5e  
dx -(c+- 6 c - ) .  (1.3) - - -  
In the absence of volume sources of ions in strong electrolytes, the 
numbers of ions of each sort are conserved in 
whence, in the steady state examined here 
div( -D+grad c+ + 5eu+Ec+)  = 0 ,  
div(-D-gradc--5eu-Ec-) = 0 ,  
where D + are the diffusivity coefficients, taken 
denote the ionic mobilities. In addition, Einstein’s 
type of ion, yields 
D + =  - u + k T ,  - 
each volume element, 
x > 0, (1.4) 
as constants, and u +  
relation, valid for each 
where k is Boltzmann’s constant and T is the absolute temperature. 
state conservation laws (1.4) together with (1.5) give, on integration, 
In the one-dimensional configuration under examination, the steady- 
5e 5e 
kT kT 
- -Ec-= - B ,  x > 0, (1.6) - C’ -c’+ + -Ec+= -A ,  
where A and B are arbitrary constants and ‘ denotes differentiation with 
respect to x. The addition of these results gives 
5e 
kT 
- [ c + +  C - I ’  + -E[c+-  C - ]  = - ( A  + B ) ,  
whence, on use of Poisson’s equation (1.3), 
6 
- [ c + +  c-1’ + - EE‘ + ( A  + B )  = 0. 
4 r k T  
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Integration of this result and introduction of the boundary quantities 
c+I,=o E c + ( O ) ,  c-~,=o E c - ( O ) ,  Eln=, E E,  (1.8) 
yields 
& 
[c+(O) - c + ]  + [ C - ( O )  - c - ]  + - ( E z  - E i )  + ( A  + B ) x  = 0. 
8n-kT 
(1.9) 
The subtraction of the constituent equations in (1.6) gives 
Ze 
kT 
- [ c + -  C - I '  + -E[c++ C - ]  = - ( A  - B ) ,  (1.10) 
while, from (1.3), 
4rZe E" = - [ C + -  C - ] ' ,  
& 
whence 
(1.11) 
(1.12) 
Use of (1.9) to eliminate the total concentration n = c + +  c- in (1.12) 
now produces a single nonlinear equation for the electric field E ,  namely, 
(1.13) 
as set down in [l]. Here, no = c+(O) + ~ ~ ( 0 ) .  
For prescribed boundary quantities E,  , c + (O), it is clear that the bound- 
ary electric field gradient is determined via (1.3) and the edge ion concen- 
tration no is known; an alternative is to prescribe E,, EA, and no for then 
the separate ion concentrations at the boundary follow from 
1 &E;, 
c+(O) = - no f - 
- 2 [ dn-ze] 
The introduction of the change of variables 
(1.14) 
E = cry, z = P X  + y ,  (1.15) 
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in (1.131, where 
2 kTP 
ez" ' 
= [ skT a = -  
( A + B # O ) ,  (1.16) 
leads to the standard Painlev6 11' equation 
d 2 Y  
- -  - 2 ~ 3  f Z y +  c, 
d z  
in which 
4 n-Te A - B  c = -  2 ( A - B )  = 
sap 2 1 A  + BI ' 
(1.17) 
(1.18) 
and the f sign is chosen according to A + B > 0 or < 0. It is to be noted 
that this transformation excludes the case corresponding to A + B = 0: 
however, in this case the nonlinear equation (1.13) can be solved in terms 
of elliptic integrals. 
In his analysis, Bass [l] relied on an approximate solution of (1.13) in 
which the nonlinear term is neglected but, in general, it should be included 
and for A + B # 0, the full Painlev6 I1 equation is the appropriate model. 
In the extreme case when the electrode at  x < 0 is a cathode and the 
current in the diffusion region consists entirely of positive ions to be 
deposited or discharged, then B = 0 and A > 0. Alternatively, in the 
opposite case when the electrode is an anode and the current consists 
entirely of negative ions to be discharged then A = 0, B > 0. In either 
event A + B > 0 in (1.13). On the other hand, should the electrode be a 
dissolving anode and the current consists of its positive ions then B = 0, 
A < 0 so A + B < 0. In general, there will be a mixture of these processes 
taking place so that A + B may be of either sign. 
In what follows, the above nonlinear model problem is revisited in the 
light of developments concerned with exact solutions of the Painlev6 I1 * 
equation (hereafter shortened to PI:) as generated by a Backlund trans- 
formation. 
2. APPLICATION O F  A BACKLUND TRANSFORMATION 
In what follows we exploit an important Backlund transformation for 
PI: originally obtained by Lukashevich [2]  and subsequently rediscovered 
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in the context of soliton theory by Boiti and Pempinelli [3] and Airault [4]:’ 
THEOREM 1. If Y ( z ;  C )  is a solution of PI: with parameter C then 
1 + 2c 
Y ( z ; C )  = - Y ( z ; C )  - 
2Y2 f 2Y’ f z 
is a solution of PI: with parameter c = C + 1 ,  C # - $. 
In the context of the electrolysis boundary value problem under investi- 
gation, it is important to have a physical interpretation of the parameter C 
which follows thus. If 
$+= - D + c ’ + ( z ; C )  + F e u + E c + ( z ; C ) ,  (2.2a) 
&= - D - c L ( z ; C )  - F e u - E c - ( z ; C ) ,  (2.2b) 
denote the fluxes of the ion concentrates c+ and c-, respectively, then 
(1 .6)  gives 
(2.3) 
whence, on substitution in (1.18),  
Accordingly, 
The Backlund transformation may be used to construct all known exact 
solutions of PII. These consist of a family of rational solutions and a 
second hierarchy of solutions which involved the classical Airy trans- 
cendental functions. Here we draw on the lucid account by Fokas 
and Ablowitz [5 ]  to generate such solutions for the present electrolysis 
problem. 
It transpires that the Backlund transformation admits a remarkably 
simple interpretation in terms of the physical variables involved. On use of 
‘The result which states that if Y ( z ;  C )  is a solution of PI: with parameter C then 
F(z ;  ?) = -Y(z ;  C )  is also a solution of PI: but with parameter ? = -C will also be called 
upon. 
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Poisson's equation (1.3) together with (1.9) and (1.16), transformation (2.1) 
becomes 
COROLLARY 1. 
where 
kT kT 
D+Dpez" ez 6 =  ( D p $ + + D + $ p )  = - : (A  + B ) .  (2.7) 
We thus see how the Backlund transformation relates the electric field 
with parameter C in the PI, equation (1.17) together with the concentra- 
tion of either positive ions or negative ions (depending on the sign of 
A + B )  to the electric field for parameter C + 1. In the next two sections 
we consider how exact solutions of PI, are transformed to give analytical 
solutions to the electrolytic application we have in mind. As the form of 
the Backlund transformation (2.7) depends on whether A + B is positive 
or negative, it is easiest to consider these two cases separately. We start by 
investigating solutions valid for A + B > 0. 
3. CASE I. A + B > 0 
3.1. Rational Solutions 
If C = n E Z then PI, admits rational solutions generated via the 
Backlund transformation acting iteratively on the seed solution Y(z; 0) = 0. 
This base solution corresponds to an electrically neutral state wherein 
E = 0 ,  c + =  c = R X  + c(O), A > 0. (3.1) 
Repeated application of (2.1) to this seed solution produces the sequence 
of rational solutions 
1 -- - 1 Y ( z ; l )  = -Y(z;O) - 
Y(z;2)  = - Y ( z ; l )  + 
2YZ(z;O) + 2Y'(z;O) + z  2 '  
1 32 
- 
3 
2 y 2 ( z ;  1) + ~ Y ' ( z ;  1) + z z z 3  + 4 
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given generally by the recurrence relation 
Y(z ;n )  = -Y(z ;n  - 1) 
(2n - 1) 
2 y 2 ( z ; n  - 1) + 2 ~ ' ( z ; n  - 1) + z  - , n = 1 , 2  , . . . ,  
(3.2) 
Y(z;O) = 0. 
A list of the first few rational solutions which are generated in this way is 
given in [6] .  
It is instructive to consider the simplest rational solutions generated via 
the Backlund transformation with C = f 1. If C = + 1, the relation (1.18) 
together with the condition A + B > 0 yield 
A / B  = -3 ,  A > 0 ,  B < 0 ,  
while the Backlund transformation gives 
( - 2 kT/ez") 
E ( x ;  A / B  = -3)  = (3.3) 
x + I l j ( 1 -  2A -1 ' 
where the nonvanishing of the denominator in (3.3) is guaranteed as long 
as 
Imposition of the boundary constraint E = E,  at x = 0 on (3.3) forces 
3n,ez" &E,2 
Eo 1 -- = - 3 B ,  A =  -- 
4kT [ 8n-kT) (3.5) 
and 
2 kTE, 
2 kT - eTE, x ' E ( x ;  A / B  = -3)  = x > 0 ,  (3.6) 
where - d-< E ,  < 0. This expression can also be readily de- 
rived via Corollary 1 since 
E ( x ;  A / B  = 1) = 0 ,  c + ( x ;  ~ A / B  = 1) =AX + c(O),  
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E ( x ;  A / B  = -3)  = - 
2kT 
eZ( x + c(O) /A)  
The boundary condition Eln=, = E,  gives that E ,  = -2kT/(eZc(O)) and 
hence (3.6) is retrieved. Finally, (1.3) and (1 .9)  yield 
& & 
E ' ,  c + -  c _ =  - 4rZe 
c -+  c - =  no + - ( E z  - E i )  + ( A  + B ) x ,  
8 r k T  
so that 
where A + B may be deduced from (3.5). 
with the stipulation A + B > 0 yields 
We now turn to the case in which C = - 1. Condition (1.18) combined 
A / B  = - 1 / 3 ,  A < 0 ,  B > 0 ;  
while 
and the nonvanishing of the denominator is guaranteed by (3.4). Imposi- 
tion of the boundary condition E = E ,  at x = 0 on (3.9) gives 
so that 
2 kTE, 
2kT + eZE,x ' E =  x > 0 ,  
(3.10) 
(3.11) 
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and 0 < E ,  < d-. The corresponding ion concentrations are 
given by 
kT&Ei 
~ ( 2 k T  + eZE,r)' 
(3.12) 
Finally, it is noted that the boundary electric field gradients in the two 
cases C = f 1 are given by 
3.2. Ai y -type solutions 
The Painlev6 I1 equation 
d 2 Y  
- = 2Y3 + z Y +  c, 
dz 
in the case C = - 1/2 admits the solution 
where 4 is any solution of the Airy equation 
1 
2 
y + -24 = 0. 
It is observed that this case corresponds to a situation wherein 
1 
2 
Y' + Y 2  + -2  = 0, 
(3.13) 
(3.14) 
(3.15) 
(3.16) 
so the Backlund transformation (2.1) breaks down. However a chain of 
solutions can, in fact, be generated via (2.1) (with the upper signs taken) by 
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conjugating it with the result that if Y(z; C )  is a solution of PI, then so 
also is &; c) where c = - C. Thus 
and 
2 
2Y2 2 ;  - + 2Y' 2 ;  - + z = 7 [ 2 ( 4 q  + 2421 # 0, ( :i ( :I 4 
so that the Backlund transformation may be applied to Y(z; i) to obtain 
In general, iteration of the Backlund transformation applied to Y(z; 3) 
produces the sequence of solutions given by the recurrence relations 
2n 
n = 1 ,2 ,  . . . ,  (3.18) 
where 4 is any solution of the Airy equation 3.15). 
In the present physical context, it is interesting to note that the seed 
solution Y(z; - 4) given by (3.14)-(3.15) corresponds, by virtue of (3.16), 
to the situation with c + ( x )  = 0 and A = 0, B > 0. In this case the 
electrode is an anode and the electric current i = 5eD-B consists of 
negative ions to be discharged. 
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4. CASE I. A + B < 0 
When A + B < 0 the canonical Painlev6 I1 model is 
d 2 Y  
dz 
- = 2Y3 - z Y +  c, 
and if C = n E Z then PI, again admits rational solutions generated via 
the Backlund transformation acting on the seed solution Y(z;O) = 0. In 
this case the transformation is 
1 + 2c 
2Y2 - 2Y’ - 2 ’  
Y ( z ; C )  = - Y ( z ; C )  - 
whence we obtain the sequence of rational solutions generated by the 
recurrence relations 
2n - 1 
2 y 2 ( z ; n  - 1) - 2 ~ ’ ( z ; n  - 1) - 2 ’  
Y ( z ; n )  = - Y ( z ; n  - 1) - 
n = 1,2  , . . . ,  (4.3) 
Y(z;O) = 0. 
It is again instructive to consider the simplest rational solutions generated 
via the Backlund transformation with C = f 1. Thus, when C = + 1, 
A / B  = - 1/3, A > 0, B < 0 while the Backlund transformation gives 
(2 kT/ez“) 
E ( x ;  A / B  = -1/3) = x - (n0/2A)(1 - eEi/(8n-kTn0)) ’ (4.4) 
where the nonvanishing of the denominator is ensured if 
Imposition of the boundary constraint El,= = E, determines 
where E, > 4- > 0 and use of (4.6) in (4.4) yields 
2 kTE, 
2kT + ez“E,x E =  , x > o .  (4.7) 
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For the case C = - 1  we have A / B  = -3 ,  A < 0 ,  B > 0 while the 
Backlund transformation yields 
( 2  kT/eZ) 
x - ( n,/2 B )  ( 1  - &E;/( 8n-kTn0)) E ( x ;  A / B  = - 3 )  = - , ( 4 . 8 )  
where the nonvanishing of the denominator is again guaranteed by the 
condition (4.5). The requirement that Eln=, = E, gives 
where - 4- < E, < 0 and (4.8), (4.9) together give 
2 kTE, 
2 kT - eZE, x ' E =  x > 0 .  (4 .10)  
4.1. Airy-type solutions 
admits a solution 
It is readily seen that, when C = i, the Painlev&-type equation (4.1) 
where t,!~ is any solution of the Airy equation 
It is observed that this case corresponds to a situation in which 
( 4 . 1 1 )  
( 4 . 1 2 )  
(4 .13)  
so that the Backlund transformation (4.2) may be applied iteratively to the 
seed solution Y ( z ;  i). This operation yields the sequence of solutions given 
PAINLEVB 11 MODEL 
by the recurrence relations 
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Y z ; n  + - -Y z ; n  - - ( J = (  l j  
2n 
n = 1,2  , . . . ,  (4.14) 
For the seed solution (4.11), 
32 kTn- 
a! 2& 
2Y2 + 2Y’ - 2  = ~ c + =  0, (4.15) 
so that c+(x) = 0 together with A = 0, B < 0. The corresponding solu- 
tion with C = - is given by Y(z; - 3) = -I,!//$ which has A < 0, 
B = 0 while 
a! 2& a! 2& 
16kTn- 32 kTn- 
c + ( x )  = ~ [2Y2 + 2Y’ -21 = ~ 
a! 2& 
32 kTn- 
C T ( X )  = ~ [2Y2 - 2Y’ - z ]  = 0. 
2 - - Z  # 0, (4.16) M2 I 
(4.17) 
In this case the electrode is a dissolving anode and the current i = z“eD+A 
consists of positive ions. 
Equation (4.12) admits the solution I,!J = Ai(2T1l3z) where Ai denotes 
the standard Airy function which has no poles in the region z > 0. The 
corresponding electric field associated with seed solution (4.11) is given by 
where 
1 
4n-Z2e2( - B )  ’= [ s k T  
(4.18) 
P ,  (4.19) 
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so that p > 0 and y > 0 for s E ~  > 8n-n0kT. Accordingly, with the latter 
inequality between the boundary electric field E,  and total ion concentra- 
tion no,  the electric field associated with the seed solution Y ( z ;  3) and 
A + B < 0 of PI, is bounded everywhere on x > 0 as is the electric field 
corresponding to the associated solution Y ( z ;  - 3). The boundary condi- 
tion Eln=, = E,  applied to (4.18) requires 
2'13kTp Ai'(2T113y) 
E,  = 
ez" Ai(2T113y) ' 
(4.20) 
which determines B.  
5. CONCLUSIONS 
In this work, our concern has been with the construction of exact 
solutions of a boundary value problem which arises in connection with the 
description of the electric field distribution in a region occupied by an 
electrolyte. It is of interest that this problem constitutes what is perhaps 
the earliest physical application of a Painlev6 equation to be found in the 
literature. Of course we have concentrated on obtaining explicitly some of 
the simpler exact solutions of the problem although it is theoretically quite 
straightforward to generate many more by repeated applications of the 
Backlund transformation. One question of interest for these further solu- 
tions relates to their boundedness properties, especially when it is borne in 
mind that the original seed solutions may be guaranteed to be bounded by 
taking s E ~  2 8n-n0kT as appropriate. 
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